We investigate spin-charge conversion phenomena in hybrid structures of topological insulator (TI) thin films and magnetic insulators. We find an anisotropic inverse spin-galvanic effect (ISGE) that yields a highly tunable spin-orbit torque (SOT). In the quasiballistic limit, we also predict a giant anisotropic magnetoresistance (AMR). These effects originate from the interplay of the hybridization between the surface states of the TI thin film and the in-plane magnetization. Both the ISGE and AMR exhibit a strong dependence on the magnetization and the Fermi level position. The revealed nonlinear SOT is controllable by varying the magnetization or the external gate voltage and can be utilized for SOT-based applications at the nanoscale.
Introduction.-The discovery of new types of topological phases and topological insulators (TIs) [1] [2] [3] [4] [5] [6] [7] has opened up a new line of fundamental research with prospective applications in electronic and optical devices [1, 2] . Spin-related phenomena are at the heart of TIs [8] [9] [10] due to the spin-momentum locking property of their surface states as gapless excitations protected by timereversal symmetry (TRS) [1, 2, 11] . With these properties, TIs can be used for conversion of pure spin excitation as a carrier of information into an electric (charge) signal or for electrical control of magnetization [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Indeed, large spin-orbit torques (SOTs) and resulting magnetization switching have been demonstrated for hybrid magnetic/TI structures [26] [27] [28] [29] [30] [31] [32] [33] . Other experiments reported the reciprocal effect of spin-electricity signal conversion and spin-pumping with an exceptionally large efficiency [34] [35] [36] [37] .
In this letter, we predict a new feature for thin TIs attached to magnetic layers with in-plane magnetization: When the thickness of the TI approaches a few quintuple layers, the surface states at the two sides start hybridizing, and a bandgap opens in the surface state spectrum even without perturbation that breaks the TRS [38] [39] [40] [41] [42] [43] [44] [45] [46] . The exchange coupling between the surface electrons and magnetic moments in the adjacent ferromagnetic (FM) layer further modifies the energy dispersion of the surface states. In addition, we find that the interplay of the inplane magnetization and hybridization significantly influences the SOTs originating from the inverse spin-galvanic effect (ISGE) [18, 47] and the anisotropic magnetoresistance (AMR). This is surprising, as for nonhybridized TI surfaces (e.g., for thicker films), the in-plane components of magnetization can be gauged away. Only the out-of-plane component of magnetization leads to TRS breaking [48] . Thus, our new findings discussed in detail below can be experimentally verified by simply rotating the magnetization of the magnetic layer. Furthermore, the current-induced spin densities exhibit, for a certain range of chemical potential, substantial anisotropy when the angle between the current and the magnetization varies. The strong dependence of the spin densities on the magnetization and the chemical potential yield a magnetoelectrically controllable SOT with a nonlinear magnetization dependence, which can be utilized in TI-based spintronic devices and SOT nano-oscillators [49, 50] and even in the recently proposed neuromorphic computing [51] .
energy Hamiltonian of the system reads (1) where v F denotes the Fermi velocity of the surface states, and the Pauli matrices σ i and τ i act in the spin and layer subspaces, respectively. The layer-dependent momentum shift κ = (g/2v F ) ζ m ζ ×ẑ originates from the exchange coupling H ex = g ζ σ ·m ζ (1+ζτ z )/2 between the TI surface states and the magnetization of the adjacent FM layers on top of and beneath the thin film (ζ = ± represent the two sides of the surface states). In general, a term describing the global momentum shift that arises from exchange coupling κ 0 = (g/2v F ) ζ ζm ζ ×ẑ enters the Hamiltonian. This term can be gauged away and is not further discussed. A similar form of Hamiltonian (1) has been considered for an in-plane external magnetic field, B, applied to a TI thin film, leading to a momentum shift of the form κ B = (1/2)eBd ×ẑ [43, 48] . The formal similarity between this case and our Hamiltonian can be traced back to the spin-momentum locking of TI surface states. Current-induced spin densities.-The ISGE or nonequilibrium spin density driven by the charge current originates from spin-orbit coupling. In TI thin films, the opposite helicities of the surface states at the two sides imply that the current-induced spin densities induced at the two surfaces also have opposite signs (δs neq,− = −δs neq,+ ). Thus, in the linear response, the spin densities are related to the external electric field E as δs i neq,ζ = ζ(−e) j S ij E j , in which S is a second-rank pseudotensor defining the ISGE response function (i.e., spin susceptibility). According to the Středa-Smrčka version of the Kubo formula [52] [53] [54] , the components of S have two contributions related to the Fermi surface and the completely filled energy levels (Fermi sea):
Here, f (ε) is the Fermi-Dirac distribution function, and G R,A ε denote the momentum-space retarded and advanced Green's functions (the momentum p is dropped from G R,A (p) for brevity). Additionally,ŝ ζ = (τ 0 +ζτ z )⊗ σ/2 andv = v F τ z ⊗σ are the surface-dependent spin operator and velocity operator, respectively. One can check that by replacing s i,+ in Eqs. (2) and (3) with s i,− , both functions S I ij and S II ij also change sign, justifying the appearance of prefactor ζ in the linear response relation for the spin densities. In addition, the lack of a nontrivial topology of the band structure (which could induce Berry-phase-attributed effects), which is a consequence of the hybridization of the surface states, implies that the contribution from the Fermi sea is negligible [55, 56] , and therefore, S = S I .
The noninteracting Green's function for the clean system defined by Hamiltonian (1) readŝ
in whichP ν,η (p) = |ψ ν,η (p) ψ ν,η (p)| is the projection operator to eigenstate |ψ ν,η (p) . As illustrated in Fig. 1(b) , we have four energy bands
, with indices ν and η taking two values ±1. The projection operators are the sum of the two terms [57] 
which are even and odd functions of the momentum. Parameters ξ = arcsinh(v F p y /∆) and θ η = arcsin[−v F p x /ε +,η (p)] are used for brevity.
In the presence of disorder, we expect a level broadening matrixΓ ω represented by the imaginary part of the corresponding self-energy functionΣ ω . Considering short-range impurities with an effective constant potential V 0 and a density n imp , the level broadening can be expressed within the Born approximation (BA) aŝ (7) in which the dimensionless impurity scattering strength is given by γ = n imp V 2 0 /(2 v F ) 2 . By integration over momentum, only even terms P (even) ν,η (p) do not vanish; therefore, one obtains the decomposed formΓ ω = i,j=0,1 Γ ij τ i ⊗ σ j , following from Eq. (5) . Interestingly, due to their similar matrix structure, the terms Γ 00 , Γ 01 , and Γ 10 can be absorbed into ω, κ, and ∆ in the expressions for the retarded Green's function, (2), taking the zero temperature limit with ∂ ε f (ε) = −δ(ε) and numerically performing the integration, one obtains the Fermi level contribution to the spin-current response function, S I ij . We immediately see that only off-diagonal terms S xy and S yx are nonvanishing, as expected from the chiral form of the low-energy surface state spectrum. Intriguingly, from Fig. 2 , one can see that the amplitudes of the two components of the spin-current response function can be quite different, indicating an anisotropic nature of the current-induced nonequilibrium spin density. In fact, the anisotropy of the energy bands that originates from the magnetic momentum shift κ causes a marked difference between S xy and S yx . This difference is particularly evident for the range of Fermi energies |E F − ∆| < v F |κ|, that is, when only one band crosses the Fermi energy. When the Fermi energy falls inside the gap (E F < |∆ − v F |κ||), the induced spin densities identically vanish. In contrast, for large energies, the anisotropy becomes negligible, and the spin-current responses monotonically increase, approaching a constant value S 0 for E F ∆, v F |κ|.
Another interesting implication of the nonzero momentum shift, κ, follows from the relation between the off-diagonal spin-charge response functions and the diagonal components of the conductivity matrix, which has already been shown for a single surface of a TI [12, 13] ; this implication also holds for coupled surfaces and can be written as S xy = ( /2e 2 v F )σ xx and S yx = −( /2e 2 v F )σ yy . Therefore, anisotropic behavior similar to that shown in Figs. 2 (a) and (b) is expected for the magnetoconductivities. Figure 3 presents the variation in the AMR with the parameter κ (note that κ defines the magnetization in energy units, v F κ = gm/2) and the chemical potential. A giant AMR is achieved for small chemical potentials compared to both the hybridization and magnetic energy scales (E F ∆, v F |κ|). For a fixed chemical potential with respect to ∆, the AMR is generally an ascending function of magnetiza- tion. Additionally, the AMR vanishes inside the bandgap and abruptly changes when the number of bands crossing the Fermi level changes. As a result, both the gap width and the splitting between bands of a TI thin film coupled to an FM layer (or in the presence of a magnetic field) can be determined by measuring the AMR. It should be stressed that in Fig. 3 , only positive chemical potentials and magnetizations are shown, but due to the symmetry, one can expect the same behavior when changing the sign of each or both of them.
When the exchange coupling to the in-plane magnetization is negligible (κ = 0), exact analytical results can be found (cf. Supplementary materials). In the absence of κ, the energy bands coincide and become doubly degenerate, which in turn leads to a simple form of the relaxation rateΓ ω = −γ |ω| (τ 0 + τ x ∆/ω) ⊗ σ 0 . This expression, despite the difference in the matrix structure, is reminiscent of the impurity self-energy for an isolated TI surface coupled to an FM system with nonvanishing out-of-plane magnetization m z , which gives rise to gap opening [12, 18] . Following the same strategy leading to Eq. (8), the impurity self-energy can be absorbed into the energy and the hybridization as ω = ω[1 ∓ iγsgn(ω)] and ∆ = ∆[1 ± iγsgn(ω)], which simplifies the impurityaveraged Green's functions G R,A ω (p). Inserting these results into Eq. (2), the integration can be performed analytically, resulting in
Considering the physically relevant case of a small γ and
Returning to the case of an FM layer coupled to both surfaces of a thin film in which κ = (g/2v F )| ζ m ζ |, one can obtain the SOT exerted on the magnetization on each side as τ SOT,ζ = (g/ )m ζ × δs neq,ζ . Hence, by choosing the local coordinates such that the in-plane magnetization aligns in the +x direction, as shown in Fig. 1 , one can use the above results for the spin-current response functions and obtain the SOT as follows:
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Note that S yx is a function of the magnetizations due to the momentum shift κ, i.e., S yx = S yx ( ζ m ζ ). This result is in agreement with the general form of the Rashba SOT in two-dimensional systems, especially when only in-plane magnetization is considered [58, 59] . Nevertheless, the explicit form of the magnetization dependence is particularly different from those obtained in bulk TI/FM systems when the bandgap is opened by the out-of-plane component of the magnetization due to TRS breaking [18] . The variation in the SOT with the magnetization and Fermi energy is shown in Fig. 4 . As an important finding, we see that for sufficiently small Fermi energies E F ∆, the SOT nonlinearly varies with the magnetization direction m ζ , which is a direct consequence of the dependence of S yx on κ. Therefore, the results of Fig. 4 reveal that the SOT in the TI thin film can be magnetoelectrically tailored, which means that one can substantially tune the SOT and magnetic dynamics by changing both the equilibrium magnetization (its amplitude and angle) and the chemical potential via a gate voltage. This result indicates further advantageous features of FM/TI systems for spintronics and magnetization reversal applications, particularly in comparison with recent elaborate proposals [60, 61] .
The particular advantage of a TI thin film depends on the interplay of the in-plane magnetization and the surface state hybridization as a unique characteristic of TI thin films, which is manifested in the built-in anisotropy and nonlinearity of the SOT given by Eq. (11) . In view of the experimental progress in the measurement of the SOT in FM/TI systems and in the growing of highquality thin films with a feasible hybridization of surface states, our findings should be experimentally accessible. Importantly, similar to the AMR results, the SOT exhibits a significant behavioral change when the Fermi energy moves from the energy gap into the first conduction/valence subbands or reaches the edge of the second conduction/valence bands, suggesting that the bandgap and band splitting can be inferred from the Fermi energy dependence of the SOT.
Conclusions.-In this work, we have proposed the idea of magnetoelectrical control of the SOTs in TI thin films sandwiched by FM layers. The physics underlying this proposal is the interplay between the exchange coupling to the in-plane magnetized adlayers and the overlap between the surface states, which lifts the degeneracy and causes anisotropy in the energy bands. As a consequence, the current-induced nonequilibrium spin densities in the thin films can significantly change with both the strength and direction of the magnetization of the adjacent FM layer. We further predict a giant AMR in the quasiballistic limit, which diminishes for thick TI structures with negligible hybridization of the surface states. Combined with the fact that the spin densities depend on the doping of the TI thin films, the resulting SOT can be efficiently controlled by magnetoelectrical means.
In this Supplemental Material, we provide more details on the analytical results on the projection operators which is used to find the zeroth order Green's function as well as level broadening due to disorder. Then for the special case of vanishing magnetization, we present the explicit and analytical derivation of the level broadening function, the Green's function and finally the Edelstein response.
I. GENERAL CASE (κ = 0)
A. Eigenstates and projection operator
Considering the Hamiltonian,
for the TI thin film at the presence of the magnetic momentum-shift κ = κx, we find four sets of eigenvectors |ψ ν,η (p) given by,
which correspond to the four energy bands ε ν,η =
Here we have sinh ξ = v F p y /∆, sin θ η = −v F p x /ε +,η (p) and each index (ν and η) takes two possible values of ±1. Now we can immediately obtain the four projection operator cor-responding to each eigenstate, as the following:
We can divide this expression into two parts denoted asP
ν,η (p): the first one includes all the terms which are even with respect to both momenta (p x and p y ), but the second one includes the remainders which are odd at least with respect to either p x or p y . The significance of this decomposition underlies in the fact that onlyP (even) ν,η (p) yield nonvanishing result upon integration over p, especially for calculating the level broadening function Γ ω . By direct inspection and noting that ξ and θ η change sign under p → −p, we obtain the following expressions for the even and odd parts of the projection operators,
Using the Pauli matrices σ i and τ i we can readily re-write the above expressions in the forms presented in the main text.
B. Level broadening and spectral function
To illustrate the influence of impurity-induced level broadening besides the band structure of the system, Fig.  1 shows the results of numerical evaluation of the spectral In the absence of magnetic momentum shift κ the energy bands becomes degenerate as ε η=± (p) = ε(p) = v 2 F |p| 2 + ∆ 2 and the relations of angles θ ± turn to sin θ η | κ=0 = −v F p x /ε(p) and cos θ η | κ=0 = η v 2 F p 2 y + ∆ 2 /ε(p). So due to the irrelevance of the index η in the energies, we can perform a summation over this index inside the projection operator which has been decomposed as,
Then summing over η drops off the terms which are odd with respect to it and we obtain η P (even)
By plugging this result in the general relation of level broadening function, it can be obtained as what follows:
which is the result presented in the main text. In passing from the second to the third line of the expression, we have used the polar representation as d 2 p = pdpdφ p and then implemented a variable change p → ε = v 2 F p 2 + ∆ 2 B. Green's functions for κ = 0
The bare Green's function of TI thin film in the absence of magnetic terms (κ = 0) can be deduced using Eqs. (8) and (9) for the projection operator, yieldinĝ
From the last result we define the following bare Green's function
from which the retarded and advanced Green's functions can be obtained using
and substitution of ω and ∆ with ω R,A = ω[1 ∓ iγsgn(ω)] and ∆ = ∆[1 ± iγsgn(ω)] respectively, to accommodate the self-energy terms (10) . Assuming ω > 0 the impurityaveraged Green's functions read,
For ω < 0 above results can be still used by changing the sign of γ as well.
C. The spin-current response for κ = 0
Now after some algebra using the expressions (14) , the integrand of the Kubo formula for the Fermi level contribution in the Edelstein response function is found as,
with parameters K = (γ + i)∆ 2 − (γ − i)ε 2 and Q = (γ + i) 2 ∆ 2 − (γ − i) 2 ε 2 . Then the real part of the above expression which we need, reads
Before we proceed we note that above expression is even with respect to γ and therefore, it can be safely used for the case of negative energies without any caution since the aforementioned sign change of γ to obtain the result for negative ε has no effect whatsoever. Now assuming zero temperature, the Edelstein response function can be written as
where in the second line the integration variable is decomposed in polar coordinates and E = v F |p|. Then we can decompose the two terms inside the integrand versus their basic rational expressions as
and
whose integral over E can be easily performed. Consequently, we obtain the following result
with Arg(z) indicating the argument of the complex number z. The final result obtained above is identical to one presented in the main text.
